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Using a new correspondence b tween ordered trees and non-crossing partitions, and results 
previously stated in terms of trees, we make some points regarding the set of non-crossing 
partitions. 
1. Introduction 
The Narayana numbers 
are well-known; their first appearance seems to be in Narayana [9]. They count 
the number of ordered trees with n edges and exactly k leaves, as shown in 
Dershowitz and Zaks [1], and the non-crossing partitions of {1 , . . . ,  n} into k 
blocks, as originally studied by Kreweras [8] and Poupard [11], and later by 
Edelman [3] and others. A partition is called non-crossing if there do not exist 
four numbers a < b < c < d such that a and C are in one block of the partition and 
b and d are in another block. These numbers count also the number of lattice 
polygons with semiperimeter n + 1 and terminal abscissa k. Such a polygon passes 
through the points (0, 0) and (k, n -  k + 1), remains in the first quadrant and 
does not intersect itself (see Goulden and Jackson [5, p. 537] or the original paper 
of Polya [10]). Bijections between lattice polygons and trees are studied by 
Kirschenhofer and Prodinger [7] (compare also Ffirlinger and Hofbauer [4]). The 
Narayana numbers appear also in Kemp [6]. 
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Let P(n, k) denote the set of non-crossing partitions of {1 , . . . ,  n} into k 
blocks, and let T(n, k) denote the set of ordered trees with n edges and k internal 
nodes. Note that T(n, n + 1 - k) denotes the set of ordered trees with k leaves. 
In Prodinger [12] a one-to-one correspondence between the sets P(n, k) and 
T(n, n + 1 - k) those trees with k leaves---was shown. 
In Dershowitz and Zaks [1] we noted that the number of ordered trees with k 
leaves is equal to the number of trees with k internal nodes, by showing a 
one-to-one correspondence b tween T(n, k) and T(n, n + 1 -k ) .  Here we show 
a simple one-to-one correspondence b tween the sets P(n, k) and T(n, k), and 
then apply results known for ordered trees to this class of partitions. 
2. The correspondence 
Given a tree in T(n, k), traverse it in preorder (visit the root, then recursively 
visit its subtrees from left to right) and label each node when first visited; the root 
is not labeled, so the node that is labeled 1 is his leftmost son. The sets of labels 
of the sons of the internal nodes form the blocks of the partition, and it is an easy 
matter to verify that this partition is non-crossing. An important feature of this 
labeling is that if the leftmost son of a node is labeled x, then this node is labeled 
x - 1; this follows immediately from the nature of the preorder labeling. 
This observation makes the reverse transformation quite easy: given a partition 
in P(n, k), the corresponding tree is built as follows: The sons of the root are 
labeled with the labels in the block containing 1, and are ordered from left to 
right. We next find the block that contains the smallest remaining element, say x, 
and make the labels in it label the sons of the node labeled x - 1, and so on until 
all k blocks are used. 
This correspondence is simpler than the one in Prodinger [12]; all the blocks of 
the partition are seen in the tree, which makes the transformation i  both 
directions easier. (This is not the case in Prodinger's correspondence, where the 
second block of the partition can be identified only after the first one is removed 
from the tree, the third block is identified only after the second one is deleted, 
and so on.) The relation between these two labelings of trees is well-studied (see 
Goulden and Jackson [5]). 
3. An  example 
A tree in T(9, 4) and its preorder labeling are shown in Fig. 1. 
The four blocks of the corresponding non-crossing partition of {1 , . . . ,  9) are 
{1, 4, 6), {2, 3}, {5) and {7, 8, 9}. Given these blocks, the reconstruction of the 
tree is straightforward: the first block to consider is {1, 4, 6} (the one containing 
1); hence, the root has three sons (labeled 1, 4 and 6). The next block is {2, 3} 
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Fig. 1. 
and two sons--labeled 2 and 3 are added below the node labeled with 1. The 
third block is {5} and one sonmlabeled 5 is added below the node labeled with 
4. The last block is {7, 8, 9} so three sons--labeled 7, 8 and 9 are added below 
the node labeled with 6. 
The tree corresponding to this partition by Prodinger's correspondence is the 
tree, in Fig. 2, with 9 edges and 4 leaves (here a preorder labeling of the edges is 
used). 
Fig. 2. 
The first set of the partition corresponds to the labels along the largest path 
containing the largest label, the second set to those labels along the largest path 
in the remaining forest, and so on. 
4. Notes 
(1) These two correspondences give another proof of the fact that the number 
of trees with n edges and k leaves is equal to the number of trees with n edges 
and k internal nodes, and that the number of non-crossing partitions of 
{1 , . . . ,  n} into k blocks is equal to the number of non-crossing partitions of 
{1 , . . . ,  n } into n + 1 - k blocks. Another proof of this correspondence an be 
derived using lattice polygons: by symmetry it is obvious that the number of such 
polygons is equal to those with the same semiperimeter and terminal abscissa 
n-k+1.  
(2) It follows that the average number of blocks in the non-crossing partitions 
of {1, . . . ,  n} is ½(n + 1), or that the expected size of a block is 2n/(n + 1) < 2. 
(3) The number of blocks of size d in all the non-crossing partitions of 
{1 , . . . ,  n} is (2nn_d;-1) (see Dershowitz and Zaks [2]). It follows that the total 
number of blocks of sizes i through ] is (2~-i)_  (2~-~-1) (see Dershowitz and 
Zaks [2]). 
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(4) the expected number of blocks of size d is 
2n-d-I)/ 1 (2n)n+l 
n-1  n+l  < 2 ---7-- 
(see Dershowitz and Zaks [1]). 
(5) The number of non-crossing partitions with nj blocks of size ], j = 1 , . . . ,  d, 
and no restrictions on blocks of a bigger size, is 
l (ne-d nm l, 1)( n+l ) 
no n + 1 n - m no,  n l ,  • • • ,  r id ,  n - m + 1 " 
where m = ~ nj (=no + the total number of restricted blocks) and e = ~ jn j  (=the 
total number of elements in the restricted blocks). (See Dershowitz and Zaks 
[2].) For example, the number of non-crossing partitions with exactly t blocks of 
size one is 
~.on~- I  n -no- t  no,  t ,n+l -no - t  " 
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